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C H A P T E R  I 
In t roduc t ion
The motion o f  an e le c t r o n  in an ion ic  c r y s t a l  has been of  
co n s ide rab le  i n t e r e s t  s in c e  e a r ly  193C's - f i r s t l y  because o f  i t s  
re levance  to  th e  applied  physics o f  semi-conductors and secondly 
because i t  provides a simple model fo r  the  s tudy of  i n te r a c t io n  
between a p a r t i c l e  and a quantum f i e l d .  I t  i s  th e  f i r s t  problem 
in  Sol id  S ta te  Physics to  which methods o f  quantum f i e l d  theory 
have been a p p l ied .
The polaron problem i s  concerned with the  motion o f  a slow 
e le c t r o n  in a po lar  m a te r i a l .  The e le c t ro n  as i t  moves through 
the  c r y s t a l  d i s tu r b s  the  l a t t i c e  in i t s  neighbourhood and thereby 
c r e a t e s  a p o la r i z a t io n  f i e l d .  The f i e l d  in tu rn  a c t s  on the  
e l e c t r o n  and changes i t s  energy. The e le c t r o n  to g e th e r  with i t s  
accompanying p o la r i z a t io n  f i e l d  can be thought o f  as a quasi  p a r t i c l e
c a l l e d  "po laron” . The Hamiltonian H f o r  such a system can be w r i t te n  
as
^  " « I
(1 . 1 )
where \ \  i s  the  Hamiltonian corresponding to the  energy of  the
*-oCT
l a t t i c e ,  the k in e t i c  and p o te n t ia l  energy o f  an e lec t ron
in  the  s t a t i c  l a t t i c e  and r e p re se n t s  the i n t e r a c t i o n  between
ReprocJucecJ with permission of the copyright owner. Further reprocJuction prohibitecJ without permission.
t h e  e l e c t r o n  and the  l a t t i c e .  Exact c a l c u l a t i o n  o f  the  e igen s t a t e s  
with  corresponding  e igen  e ne rg ies  fo r  the  Hamiltonian H  has not 
been p o s s ib le  so f a r .  D i f f e r e n t  approaches to  so lve  the  problem 
have been used depending on the s t r e n g th  o f  i n t e r a c t i o n .  Pekar 
who f i r s t  c a l c u l a t e d  the  polaron eigen s t a t e s  considered  a specia l  
c a se  in  which th e  i n t e r a c t i o n  i s  assumed to  be so s t rong t h a t  the  essen­
t i a l  p r o p e r t i e s  o f  a s t a t i o n a r y  polaron a re  descr ibed by a l o c a l i z e d  
e l e c t r o n  moving in i t s  own p o la r i z a t io n  f i e l d .  Frdhlich.who was 
th e  f i r s t  to  employ the  methods o f  quantum f i e l d  theory to  t h i s  
problem,cons idered  the  weak in t e r a c t i o n  case  and used the  p e r t u r ­
ba t io n  theory  to  c a l c u l a t e  the  polaron energy s t a t e s .  The in te rm edia te  
coupling  case  has a l s o  rece ived  co ns iderab le  a t t e n t i o n  in l i t e r a t u r e .
All  the  works r e f e r r e d  to  so f a r  deal with  the  motion o f  an e le c t r o n  
s u i t a b l y  a f f e c t e d  by i t s  p o l a r i z a t io n  f i e l d .  In many p r a c t i c a l  
s i t u a t i o n s ,  however, an e l e c t r o n  in a po la r  c ry s ta l  may be bound 
t o  an impuri ty  c e n t e r .  In t h i s  case  the  e le c t ro n  motion i s  inf luenced 
n o t  only  by the  impuri ty  but  a lso  by i t s  own p o la r i z a t io n  f i e l d .  We 
thus  have a s i t u a t i o n  f o r  the  e le c t ro n  s t a t e  which can be descr ibed  
a s  a "bound po laron" .  This quasi p a r t i c l e  i s  very s im i la r  to  the  
polaron  desc r ibed  e a r l i e r  and the  Hamiltonian desc r ib ing  th e  bound 
Polaron i s  s i m i l a r  to Eqn (1 .1)  a p a r t  from an a d d i t io na l  term due 
t o  the  p o te n t i a l  energy o f  an e le c t ro n  in the  presence o f  an impurity  
atom. Platzman was the  f i r s t  t o  c a l c u l a t e  the  energy s t a t e s  of  a 
bound polaron and s ince  then severa l  papers have appeared in the
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l i t e r a t u r e .  The p re s e n t  t h e s i s  i s  concerned with the  c a l c u l a t i o n  
o f  th e  ground s t a t e  energy of a bound polaron.  Our approach to  
t h i s  c a l c u l a t i o n  i s  based on th e  assumption o f  weak e l e c t r o n  l a t t i c e  
i n t e r a c t i o n  so t h a t  th e  p e r tu rb a t io n  theory  i s  assumed to  hold .
The d e t a i l e d  c a l c u l a t i o n s  a re  given in  Chapter I I I .
In  the  fo l low ing  chap te r  we s h a l l  give a b r i e f  i n t ro d u c t io n  
to  th e  development o f  the  Hamiltonian f o r  the e l e c t r o n - l a t t i c e  
i n t e r a c t i o n .  The d e r iv a t io n  i s  based on the  work of  F roh l ich  and 
we sh a l l  show t h a t  the  Hamiltonian f o r  a polaron can be w r i t t e n  as
^   ̂ ‘ S .  V
V  'a.
where
(1 . 2 )
(1 .3 )
and
< = f  [ T  -
(1 .4 )
The f i r s t  term in  Eqn (1-2)  i s  the  k in e t i c  energy o f  an e l e c t r o n  
in  the  p e r io d ic  l a t t i c e  with -m. as i t s  e f f e c t i v e  mass. The second 
term d e sc r ib e s  the  l a t t i c e  energy in terms of the usual c r e a t i o n  and
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A  ,
d e s t r u c t io n  o p e ra to r s  ^ and h  f o r  the  l a t t i c e  modes o f  wave
& tK.
v e c to r  c\ . The l a s t  term i s  the  e le c t r o n  l a t t i c e  i n t e r a c t i o n .  The
q u a n t i t y  o( i s  the  coupling constan t  f o r  the  e le c t r o n  l a t t i c e  
i n t e r a c t i o n  and i s  expressed in Eqn (1 .4 )  in  terms o f  lO the  f r e -  
quency o f  o p t i c a l  p o l a r  modes, r  and 6  the  high and low 
frequency d i e l e c t r i c  c o n s t a n t s .  S t a r t i n g  from the  Hamiltonian (1.2) 
we sh a l l  c a l c u l a t e  th e  energy of  an e l e c t r o n  using p e r tu rb a t io n  
th e o ry  and show t h a t  f o r  w e a k . e l e c t r o n - l a t t i c e  i n t e r a c t io n  the  
polaron mass "vyT i s  r e l a t e d  to the band mass -wv by the r e l a t i o n
\YV =. TV\
For<(:0^i . e . , neg lec t in g  the  e f f e c t  o f  e l e c t r o n - l a t t i c e  i n t e r a c t i o n ,  
th e  polaron mass i s  equal to  band mass as i s  expected.
In Chapter I I I  we deal  with the  bound polaron problem and 
g iv e  the  c a l c u l a t i o n  o f  the  ground s t a t e  energy o f  a polaron bound 
t o  a coulombic impuri ty .  We shal l  see t h a t  the  method f i r s t  i n t r o ­
duced by Platzman g ives  the  s h i f t  in  energy A E  due to  the i n t e r ­
a c t i o n  of  a bound e l e c t r o n  with i t s  accompanying p o l a r i z a t io n  f i e l d s  
i n  t h e  fo l lowing form:
(1 .6 )
where /i\v)1s the  r a t i o  of the  unperturbed ground s t a t e
energy to the  energy o f  the  op t ica l  modes o f  the  l a t t i c e .  The
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r e s u l t  as given by Eqn ( 1 .6 ) ,  according to  Platzman, holds only 
when
-  -  I
^  A - : : -
(1 .7 )
Platzman ob ta ined  th e  express ion  fo r  given in Eqn (1 .6 )  by 
employing an expansion procedure which r e q u i r e s  the v a l i d i t y  of 
the  co n d i t io n  ( 1 .7 ) .  Even though the c o n d i t io n  (1 .7)  may be s a t ­
i s f i e d  f o r  many po la r  c r y s t a l s  with s u i t a b l e  donor im p u r i t i e s ,  
in  p r a c t i c e , s i t u a t i o n s  may a r i s e  in which case  t h i s  cond i t ion  
may not  hold. In t h i s  t h e s i s  a new approach f o r  c a l c u l a t in g  
i s  proposed. Even though our method i s  a c c u ra te  when cond i t ion
(1 .7 )  i s  s a t i s f i e d ,  i t  may provide a reasonable  e s t im a te  of  
even in  s i t u a t i o n  when We sh a l l  show t h a t  our method
g ives  the  fo l lowing  express ion  f o r  in  th e  fol lowing form:
^ ' (1 . 8 )
I f  ^  «  \  then  th e  r i g h t  hand o f  Eqn (1 .8 )  may be expanded in terms 
o f  (i and i f  terms o f  to the  4th power in  [i a re  r e  ained then 
in  Eqn (1 .8 )  reduces e x a c t ly  to  Eqn (1 .6 )  -  a r e s u l t  obtained by 
Platzman. I f  p> i s  allowed to go to  i n f i n i t y  then A E in (1 .8)  
reduces to  zero  and one may conclude t h a t  the  p o l a r i z a t io n  f i e l d
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
i s  unable to  fo l lo w  the e l e c t r o n i c  motion in  t h i s  l i m i t  -  a r e s u l t  
which i s  expected in a s t ro n g ly  bound e l e c t r o n i c  s t a t e .  Our 
r e s u l t  f o r  A E  th e r e f o re  tends to  approach the c o r r e c t  r e s u l t  
f o r  th e  two extreme values  f o r  ^  and one would reasonably  expect 
t h a t  f o r  the  in te rm e d ia te  va lues  o f  our  r e s u l t  would provide 
a reasonab le  ex t im ate  f o r  A S .
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C H A P T E R  I I  
The Free Polaron
1 Derivat ion  o f  The Hamiltonian
The d e r iv a t io n  of  the  Hamiltonian can be found in  many advanced 
t e x t  books on So l id  S ta te  Phys ics .  In t h i s  chap te r  we th e re fo re  
only give  important  s teps  in  i t s  development fol lowing the o r ig in a l  
papers by F roh l ich .
Our system c o n s i s t s  o f  a s in g le  e l e c t r o n  i n te r a c t in g  with the 
o p t ic a l  modes o f  the  l a t t i c e .  I f  only long wavelengths fo r  the 
l a t t i c e  modes a re  to  be co ns idered , then  th e  energy o f  the l a t t i c e  
and the  i n t e r a c t i o n  energy o f  an e le c t ro n  and the l a t t i c e  can be 
s tudied  in terms o f  the p o la r i z a t io n  f i e l d  T.  . The f i e l d
Tot
?. . i s  composed of  the  o p t ic a l  P ,_ and in f r a r e d  ?  
components, so t h a t :
(.A-) % p ,  I ' . )  -t 
v i* '  -  (2 .1 )
The o p t i c a l  component i s  important  only i f  magnetic and r a d i a t i o n
e f f e c t s  a re  not  being considered  and t h e r e f o re  i s  considered
o f  l i t t l e  re levence  in t h i s  t h e s i s .
Using the d e f i n i t i o n  f o r  the  d i e l e c t r i c  cons tan t
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
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(2 .3)
where 3) and E" a r e  r e l a t e d  by
Vnk
D  2 E  If k-n Ÿ 
SO that we may write
C ' - - j " )  3 w  .
I . »  . . .  • Ç*. .- %**K * — • •  • -  -  -
- , ....................................  ..   (2 .4 )
. I f  th e  high frequency value o f  the  d i e l e c t r i c  cons tan t  i s  used in 
. ( 2 . 4 )  we g e t  .
3 : ‘¥  ■ '  ■ « . ,
» — — .  - • . . .  • -  
• w . » —. - - v2 5 J
'Combining Eqns (2 .1)  (2 .4 )  and (2 .5)  we ge t
(  t .  - T  ) ^  V
( 2 . 6 ) .
The equat ion  o f  motion fo r  ?C^') in  absence o f  a p o la r iz in g  source i s  
a simple  harmonic motion a t  frequency t o  corresponding to the  
p o la r  o p t ic a l  mode of  the  l a t t i c e ,  and is  given by
Ÿ  ( A ]  \  Ÿ C ^ ' )  -  ^
(2 .7)
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
I f  a p o l a r i z i n g  s o u r c e  -  (an  e l e c t r o n )  i s  p r e s e n t  th en  Eqn. ( 2 .7 )  
w i l l  be m o d i f i e d .  We s h a l l  c o n s i d e r  t h e s e  m o d i f i c a t i o n s  l a t e r  i n  
t h i s  s e c t i o n .
We s h a l l  now d e v e lo p  a  L ag ran g ian  f o r  o u r  sys tem  so  t h a t  
we may o b t a i n  t h e  r e q u i r e d  H a m il to n ia n  and a l s o  t h e  e q u a t i o n  o f  motion 
f o r
Now s i n c e  i s  t h e  e x t e r n a l  f i e l d  and PC-O i s  t h e  e f f e c -
t i v e p o l a r i z a t i o n  f i e l d  t h e  i n t e r a c t i o n  e n e r g y  d e n s i t y  i s  g iv e n  by 




where / X  i s  i n t r o d u c e d  a s  a p a ra m e te r  t o  be d e te rm in e d  and
i s  t h e  p o s i t i o n  c o o r d i n a t e  o f  t h e  e l e c t r o n .  S in ce  i s  th e
f i e l d  p roduced  a t  A  by an e l e c t r o n  a t  /%. we may w r i t e
—-
^  ( 2 .9 )
and
(2 . 10)
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
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Hamiltonian can be obtained  from the Lagrangian given by Eqn (2 .8)  




where the  g en e ra l i ze d  c o o rd in a te s  a re  9 (a.) and / a P i t )and ^  PLA.") 
i s  the  conjuga te  genera l ized  momenta. The equat ion  o f  motion f o r  
PL^")can be ob ta ined  from the  Hamiltonian in  Eqn (2.11) using 
the  s tandard  procedure  to  give
.y LC 9 ( M  = -L_ 3>c^)
(2 .12)
which i s  c o n s i s t a n t  with (2 .7)  in the  absence o f  a p o la r iz in g  source* 
i . e . ,  an e l e c t r o n .  We may use Eqn. (2 .6 )  and cons ider  Eqn. (2 .12)
in  th e  s t a t i c  l i m i t ,  i . e . , ? z O s o  t h a t  the unknown parameter may 
be determined.  I t  t h e r e f o r e  fol lows t h a t :
^
(2.13)
Let us cons ider  the i n t e r a c t i o n  term in  Eqn (2.11) in  more d e t a i l .
V\ . - -  ( T3CA.) • P ( M  ‘
where D (a )  i s  w r i t t e n  as D f o r  the f i e l d  a t  A  due to the 
el-ectron a t  7r • We f u r t h e r  in troduce  the q u a n t i ty  c^(A.) which i s  de- 
f ined  by the r e l a t i o n
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
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P ( a )  -  ' q ,
(2 .14 )
so  t h a t  may be c o n s i d e r e d  a s  t h e  p o t e n t i a l  p roduc ing  t h e  p o l a r ­
i z a t i o n  f i e l d  9 t ^ ) .  We may now w r i t e  u s ing  Eqns ( 2 . 9 ) ,  ( 2 .1 0 )
and  ( 2 .1 4 )  a s
= € -  (2 .1 5 )
w here  we have  used th e  d e l t a  f u n c t i o n  p r o p e r t y  o f  ( 2 .1 0 )  i n  s o lv in g  
f o r  t h e  i n t e g r a l .
The H a m il to n ia n  now needs
v \  . -  (  d V  Ü  S p V )  ^-dL ^  .
WvV J  ^  i. ^  ) Vk
( 2 .1 6 )
We now I n t r o d u c e  t h e  f o l l o w i n g  v a r i a b l e s  and B (■'i)
(2 .1 7 )
and
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
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P lV l*  17̂  I PtA- ) -Â PCA)1
_  J  1 * ,  L -  1 0 -
V.
(2.18)
S i n c e  t h e  c o n j u g a t e  v a r i a b l e s  ? ( ^ 0  * ? l ^ ) s a t i s f y  t h e  commutat ion
Vf.  N *
r e l a t i o n s
V PM  u P (A' )1 = 8 C'̂  -A')
■ I —  V » .. ^  ^  V« »N»
(2.19)
t h e  new v a r i a b l e s  B (A )  and CV) can e a s i l y  be shown t o  obey
V ) 1  =
u  5 _  -i
( 2 . 20)
Expanding  £)C^0 and i n  te rm s  o f  i t s  F o u r i e r  components we
may e x p r e s s
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where V i s  th e  volume o f  the  media, and b , may be shown
‘V
(using Eqn (2 .2 0 ) )  to s a t i s f y
I ]  ■- S v  ) I \ ' ' ' I ' ^  °
(2 .23)
The Hamiltonian (2.16) may now be expressed in terms o f  





I t  • T . l
(2.26)
Since the  o p e ra to r  and s a t i s f y  the commutation r e l a t i o n s
(2.23) i t  i s  p o ss ib le  to  deduce th a t  these  op e ra to rs  ac t in g  on s t a t e
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
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o f  t h e  l a t t i c e  d e s c r i b e d  by where i s  t h e  e x c i t a t i o n




1  z .  -
(2 .28) .
I t  i s  c u s to m a ry  to  r e f e r  t o  and \ d ^  a s  c r e a t i o n  and a n n i h i l a t i o n  
o p e r a t o r s ,  r e s p e c t i v e l y ,  f o r  a l a t t i c e  mode w i th  wave v e c t o r  ^  .
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
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2 F r e e  P o l a r o n  Energy
The H a m i l to n ia n  f o r  an  e l e c t r o n  in  a p o l a r  m a t e r i a l  a s  o b t a i n e d  
i n  t h e  p r e v i o u s  s e c t i o n ,  r e a d s
\^ A
3r  “  "  ~  ( 2 . 2 9 )
where \J  i s  g iv en  by E q n . ( 2 .2 5 )  w i th  Eqn. ( 2 . 2 6 ) .  The f i r s t  term 
i s  t h e  k i n e t i c  en e rg y  o f  an  e l e c t r o n  in  a c r y s t a l  w i th  vvv a s  th e  
e f f e c t i v e  m ass .  The second te rm  i s  th e  ene rg y  o f  t h e  l a t t i c e  and 
t h e  l a s t  t e r m  i s  t h e  i n t e r a c t i o n  between t h e  e l e c t r o n  and t h e  
l a t t i c e .  L e t  t h e  i n t e r a c t i o n  be sm al l  so t h a t  i t  may be c o n s id e r e d  
a s  p e r t u r b a t i o n  to  t h e  u n p e r tu rb e d  H am il to n ian  g iven  by th e  f i r s t  
two t e r m s .  The e ig e n  s t a t e  o f  the  u n p e r tu r b e d  Ham il ton ian  may be 
d e n o te d  by \  \< v  \ w h e r e  \< i s  t h e  wave v e c t o r  o f  t h e  e l e c t r o n
N *. 3 ^
and  i s  t h e  e x c i t a t i o n  number o f  t h e  q t h  l a t t i c e  mode. The
e n e r g y  o f  t h e  s t a t e   ̂ ^
I f  we r e s t r i c t  o u r s e l v e s  t o  t e m p e r a t u r e s  v e ry  much below t h e  Debye 
t e m p e r a t u r e  t h e  l a t t i c e  v i b r a t i o n s  may be assumed t o  have l i t t l e  
o r  no e x c i t a t i o n  a t  a l l  so t h a t  f o r  a l l  r i ^ a .  The u n p e r tu r b e d
e n e r g y  ^  c o r r e s p o n d i n g  to  t h i s  s t a t e  i s  AO'Vĉ /avvv* We may
now u s e  t h e  p e r t u r b a t i o n  t h e o r y  to  c a l c u l a t e  t h e  change in  t h e
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
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energy due to  the  in te r a c c io n  term. The change in  the
energy i s  expressed by
(2 .30)
where ^  ^  k ' )  and i s
S» *—
the i n t e r a c t i o n  term given by
V V %
(2.31)
I f  we use the  c r e a t io n  and a n n ih i l a t i o n  p r o p e r t i e s  o f  b j  and b
4  2
i t  i s  easy to  show t h a t  the f i r s t  o rder  p e r tu rb a t io n  term in (2.30) 
i s  zero and t h a t  second order  connection can be r e w r i t t e n  as
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*4 t \
A p  _ — —  ^  ^  f  C®̂  I  -----------------------------------------------------------------
'  6 -\
(2.34)
We now c o n s i d e r  e l e c t r o n s  w i th  small  v a l u e s  o f  V< so t h a t  t h e  
second te rm  i n  t h e  denom inato r  i s  small  and t h e r e f o r e  d e v e lo p  th e  
i n t e g r a n d  in  powers o f  L; . I t  i s  t h en  s t r a i g h t f o r w a r d  t o  pe r fo rm  
i n t e g r a t i o n s  i n  Eqn ( 2 .3 4 )  t o  g iv e
(2.35)
Using t h e  v a lu e  o f  U from Eqn. (2 .2 5 )  we may w r i t e  th e  p e r t u r b e d  
e n e r g y  o f  an e l e c t r o n  w i th  wave v e c t o r  l< a c c o r d in g  as
a Y/^ 6
(2.36)
I f o ( t o , i . e . ,  no p e r t u r b a t i o n ,  we o b t a i n  E  v a s  i s  e x p e c te d
■AvA.
With t h e  p e r t u r b a t i o n  p r e s e n t  t h e  e l e c t r o n  behaves  l i k e  a f r e e  
p a r t i c l e  w i th  energy
A (2.37)
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where the  mass o f  the  e l e c t r o n  with accompanying p o la r i z a t io n  f i e l d  
may to  r e f e re d  as polaron ma« 
mass “Wt by the  r e l a t i o n s h i p
It
ass ya which i s  r e l a te d  to  the  e f f e c t i v e
K 'YA
nrA -
% -  C ' ^ / o
(2 .38 ) .
I t  must be emphasized t h a t  Eqns.(2.35) to  (2.38) a re  v a l id  
f o r  small va lues  o f  ^  only (i£., f o r  a slow e l e c t r o n ) .  For e le c t ro n s  
with a l a rg e  value o f  \<, the  energy cannot be descr ibed by the 
q u a d ra t ic  dependence on V • The polaron e f f e c t s  fo r  slow e lec t ro n s  
have received  a t t e n t i o n  in l i t e r a t u r e  while polaron e f f e c t s  fo r  
e le c t r o n s  with l a rg e  Vc. have been considered of  no g r e a t  s i g n i f i ­
cance.
We may i n t e r p r e t  the  r e s u l t  o f  e le c t ro n  l a t t i c e  i n t e r a c t i o n  
on th e  motion o f  a slow e le c t ro n  to  be equ iva len t  to a f r e e  quasi 
p a r t i c l e  motion with a renormalized mass . The quasi p a r t i c l e  
i s  c a l l e d  a "polaron".
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The Bound Polaron
In t h i s  c h a p te r  we c a l c u l a t e  the ground s t a t e  energy o f  a 
bound polaron in  a p o la r  media. In s e c t io n  A v/e give the  c a l c u l a ­
t ion  o f  the  problem f i r s t  a ttempted by Platzman, while in Section  B 
a new method o f  c a l c u l a t i n g  A"E i s  p resen ted .
Sec t ion  A
Platzman cons idered  the  fol lowing Hamiltonian fo r  a system o f  
an e l e c t r o n  in a po lar  c r y s t a l  and in the  presence  of a coulombic 
impurity atom.
= “  A — 'X? -\r V -  ^  y  C S 1
%  Z  I
Am
(3.1)
The above Hamiltonian i s  s im i l a r  to  the  Hamiltonian fo r  a f r e e  p o la r ,  
the d i f f e r e n c e  being t h a t  in the  case o f  a bound polaron the Hamil­
tonian has an added term corresponding to the  p o ten t ia l  energy 
of the e l e c t r o n  in the presence o f  an impuri ty  atom. I f  the  i n t e r ­
act ion between the  e l e c t r o n  and the l a t t i c e  i s  considered as
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p e r tu rb a t io n  then the  unperturbed Hamiltonian i s
‘  ^  7 . ^ ' ^  - k )
(3 .2)
The e igen  s t a t e  o f  the e le c t r o n  may be rep resen ted  by \'v\'^ and 
t h a t  o f  the  l a t t i c e  by \ f o r  a l l  va lues o f  . The combined 
s t a t e  may be expressed às \No^ , ’̂ .  The energy corresponding to the  
s t a t e  could then be w r i t t e n  as ^  I A I f  the  p o te n t i a l  energy 
T9- i s  due to  coulombic impuri ty  then \ y ^ y  wil l  be hydrogen atom 
wave fu n c t io n s  and
WA
(3.3)
where € i s  th e  d i e l e c t r i c  c o n s ta n t  of  the  media and vv takes 
in te g ra l  v a lu e s .  As before  we sh a l l  r e s t r i c t  o u rse lv es  to tempera­
tu r e s  well below the  Debye temperatures so t h a t  o f o r  a l l  
and the  e igen energ ies  o f  i n t e r e s t  th e re fo re  a re
(3.4)
The per tu rbed  energy due to e l e c t r o n - l a t t i c e  i n t e r a c t i o n  may now 
be w r i t t e n ,  us ing  the  s tandard  r e s u l t  o f  the second o rder  p e r tu rb a t ion  
theory ,  according to
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E  "E: 4  E
where
“''“■ ■ e V . ’̂ -) -  6 ° C ! , . , > ' '>
y i  _j_ < v , \ a ^ a ( i \ « ' > _ o y y £ ^ y y _ X 2 “
V E -  E" , -  ^  w
cy V.' ^
(3 .5)
In Eqn. (3 .5)  we have used a shorthand no ta t io n  f o r  4.o,v»\ as .
We a re  i n t e r e s t e d  in c a l c u l a t i n g  the change in energy ZiE due to  
p e r tu rb a t io n  o f  the  ground s t a t e ,  so t h a t  in E qn .(3.5) we s u b s t i t u t e  
'W = \ so t h a t  s t a t e  \A> i s  the  ground s t a t e  wave funct ion  of  
hydrogen atom and
A E -  ----  T
V /
( 3 .6 ) .
Exact ev a lu a t io n  of (3 .6 )  is  not  p oss ib le .  Approximate eva lua t ion  
scheme as  suggested by Platzman c o n s i s t s  in  using the following 
i d e n t i t y
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-L-Z:— _ _ _  ,  '  _
t i v ;  ,  ( J s . V / a - ' )
(3.7)
By th e  method o f  i t e r a t i o n  the  above i d e n t i t y  w i l l  genera te  a 
s e r i e s  s o l u t i o n  f o r  the  l e f t  hand s id e  according as
   -  .    -V —---------1-----------------------U
^ u 3 ^ ( ^ V / a v h )
(3 .8)
I f  we now s u b s t i t u t e  (3 .7 )  in to  Eqn. (3 .6 )  we may un i te
(3 .9)
where
' -  ' T  I  ? ---------------------------------------------------------------------------------------------------- '
(3.10)
and





^  1 ) \ \ i ' >  -  1
■w
by the n o rm al iza t ion  c o n d i t io n ,  the  i n te g r a t io n  over \  in  Eqn (3.10)
W
may e a s i l y  be performed to  give
4 i r  J
(3.12)
In o rder  to  e v a lu a te  Zi we use the  i d e n t i t y  (3 .7 )  and w r i te
where
(3.13)
Remembering t h a t  = E. \̂-A'>and the  property  t h a t
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.  v\ ,CV) -  & M .
•el. ^.w' ^
(3 .14)
where V\ t. ^  ( the  e l e c t r o n  Hamiltonian with b  as  momentum
tX '
o p e r a t o r ) ,  we may r e w r i t e
' '  j k v j + (
(3.15)
The vanishing i n te g r a l  a r i s e s  from the angular  i n t e ­
g ra t io n  over the  angle between 'p and . We may now c a l c u l a t e
which using  our i d e n t i t y  (3.7) can be broken up in to  two p a r t s
-- A E g
where
i  ^  r  E , -  C ^ V / a . . ' ) ]  O l e  Î
—  y  —, z_ '-------------------- -— T — -----------------------
(3 .16 ) .
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Using th e  p ro p e r ty  (3 .14)  we a r e  ab le  to  w r i te
(3 .17 ) .
Evaluat ion o f  2̂  E _ i s  t ed ious  but  no t  d i f f i c u l t .  Using hydrogen 
wave fu n c t io n  f o r  our s t a t e  \ l '>  i t  i s  p o ss ib le  to show th a t






I f  we put  t o g e th e r  terms ^/ii't^and we ob ta in
& El =. — ' ' '
(3 .20) .
Platzman c a l c u l a t e d  h igher  terms in t h e  expansion generated by 
Eqn (3 .7 )  and obta ined  an express ion  A F  v a l id  up to the  4th power 
in ji . His r e s u l t s  were l a t e r  c o r rec ted  by Sak and a l s o  by Wang 
e t  a l . These au tho rs  showed t h a t  A F  up to the  4th power in ^  can 
be given by
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(3.21)
I f  th e  i d e n t i t y  (3 .7 )  i s  s u c c e s s iv e ly  employed f o r  c a l c u l a t i n g  
beyond Eqn. (3 .21)  then the  express ion f o r  A T  may be obtained con­
s i s t i n g  o f  h igher  powers in p . The use of  the  i d e n t i t y  (3.7) 
genera te s  a power s e r i e s  in f o r  the  energy a E -  The v a l i d i t y  
o f  Eqn (3 .21)  i s  t h e r e f o r e  r e s t r i c t e d  to  th e  condit ion  t h a t
(3 .2 2 ) .
Sak has a l s o  po in ted  o u t  d i f f i c u l t i e s  in  c a l c u l a t i n g  A F  fo r  h igher  
power o f  (3 beyond th e  4 th  power. In c a l c u l a t i n g  higher  order  
terms Sak showed t h a t  many of the  i n t e g r a l s  involved d iverge .  In 
the  next  s e c t i o n  we have proposed a d i f f e r e n t  approach fo r  c a l c u l ­
a t in g  AF. U nfo r tuna te ly  we have a lso  encountered d ivergen t  
i n t e g r a l s  s imilar  to  th o se  in the work o f  Sak.
We do not  have a simple so lu t io n  to  avoid these  d i f f i c u l t i e s  and 
have not  been a b le  to  propose a s o lu t io n .
Section B
In t h i s  s e c t io n  we consider  a new approach fo r  c a lc u la t in g  
the change in th e  ground s t a t e  energy o f  a bound e le c t ro n  due to 
e lectron-phonon i n t e r a c t i o n .
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We s t a r t  with  the express ion  (3.6)  from our l a s t  s e c t io n  and
w r i te
«y V
(3 .23) .
We have s e e n , in  th e  previous s e c t io n ,  an expansion procedure adopted 
by Platzman to ev a lu a te  the  q u a n t i ty  AC . In our procedure we employ 
the  i d e n t i t y
6  oUr
(3.24)
where t  i s  a v a r i a b le  o f  i n t e g r a t i o n  and has no obvious physical  
meaning. I t  should be noted t h a t  i s  negat ive s ince  E ,
i s  the  ground s t a t e  energy and Employing the i d e n t i t y  (3 .24)
i t  i s  p o ss ib le  to  express (3 .23) in the following form
Ml
x < w \ e .  \
(3 .25)
where we have changed summation over to in te g ra t io n  using (2 .33 ) .
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The fo l low ing  r e l a t i o n s
(3.26)
and the  p ro pe r ty  (3.14)
^  w -V
'W^




For the sake o f  convenience of  shorthand no ta t io n  we define
■ - ■  ^  A  ^  V -
(3.29)




Ok'VT' /v>r> J  4 f t
(3 .30)
SO t h a t
• s V
E  = -  —  \  \  <L%' e.dlQ, (  ckXr
^  J  J
< 1 1  \ ^ >X . ^
(3.31)
The e x p re ss io n  f o r  A E  given by Eqn (3.31) i s  exac t .  We now employ 
approximation scheme by w r i t in g
( ( \ - S / ) t  A t  o
e  “ Ê  _  >y^ -V C ^ ^ C " ^  /a. j
-t ( t" fC'V'  ') ^
(3.32)
where i t  should be noted t h a t  the  o p e ra to r  p> does not commute 
with XT’.
S u b s t i t u t i n g  expansion (3 .32)  in to  Eqn (3 .31) we may w r i te
\ U w\
A E  -  4- A F  - v A F  j t A B
(3.33)









V < \ \ 4 0 (3.37)
We have r e s t r i c t e d  ourse lves  to  the four  terms a r i s in g  from 
Eqn ( 3 .3 2 ) .
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P h y s i c a l ly  the  express ion 4 T  i s  obtained by neg lec t ing  the
p o te n t i a l  energy from . For s t a t e s  the  p o ten t ia l  energy
i s  l a r g e r  then the  k i n e t i c  energy and the  approximation would be
u n r e a l i s t i c .  For ( i  .e . ,  unbound s t a te s )»  however,the k in e t i c
energy i s  g r e a t e r  than the  p o ten t ia l  energy and f o r  these  s t a t e s  the
approximation would be a t  l e a s t  reasonable .  The approximation would
«
s t i l l  be reasonable  i f  the  co n tr ib u t io n  to  6 T  due to  a l l  unbound 
s t a t e s  i s  s i g n i f i c a n t l y  l a r g e r  than due to  bound s t a t e .  For a 
s t r o n g ly  bound e le c t r o n  a l a r g e r  number o f  unbound s t a t e  would be 
coupled with the  ground s t a t e  than in the case  o f  weakly bound 
e l e c t r o n .  Our r e s u l t  f o r  AT* i s  th e r e f o re  more adequate f o r  the  
case o f  s t r o n g ly  bound ground s t a t e .  The terms A s" to  A take 
in to  account th e  e f f e c t  of the  p o ten t ia l  which i s  completely neg­
l e c te d  in  .
The in t e g r a l  in E qns . (3.34) to (3 .36)  can be evaluated by 
lengthy  but  s t r a ig h t fo rw ard  c a l c u l a t i o n s .  The in te g ra l  (3.37) 
i s  however q u i t e  complicated and we have evaluated t h i s  in teg ra l  
only up to  terms whose con t r ib u t io n  i s  comparable to the  in te g ra l  
in  ( 3 .3 6 ) .  The r e s u l t  o f  in te g ra t io n  gives
A E -  " ^ Y  / i t  ji.’') ]  j
(3.38)
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(3.39)
= C v o « <  " k w
and
so  th a t
(3.40)
(3.41)
.  5 / ^
-  J? ( \ \  ( ^ )  ^  pT" )
(3.42)
\
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
C H A P T E R  I V
Discuss ion:
We may now compare our express ion  (3.42) f o r  4 E  with the  
corresponding express ion  (3 .21)  given by Platzman. I f  we cons ider  
the  case  when ^  1 and expand our express ion  (3.42) in power of
^ and r e t a i n  up to  the  4 th  power in  ^ then our express ion reduces 
e x a c t ly  t o  th e  r e s u l t  o f  Platzman (Eqn. ( 3 .2 1 ) ) .  In the  l i m i t  o f  p 
our e x p re ss ion  f o r  6 F  goes to  zero .  The electron-phonon i n t e r ­
a c t io n  has t h e r e f o r e  no e f f e c t  on the  grand s t a t e  energy o f  e l e c t r o n .  
In t h i s  case  one may conclude th a t  the  phonon cloud is  enable to 
fo l low the  e l e c t r o n  motion and th e r e f o re  the  polaron e f f e c t s  a re  
n e g l i g i b l e .  A graph showing the dependence o f  on jb f o r  
Plazman's and our  r e s u l t s  i s  given in Fig. 1.
One may conclude t h a t  P la tzman 's  r e s u l t  i s  v a l id  fo r  only 
small va lues  o f  ^  while our express ion  takes  in to  account small 
and l a r g e  values  f o r  (b w i th in  the  l i m i t a t i o n s  ind ica ted .
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The problem o f  an e le c t r o n  bound to  a coulomb impuri ty  cen ter  
embedded in  an io n ic  semiconductor and i n t e r a c t i n g  with o p t ic a l  
phonons has been o f  cons iderab le  i n t e r e s t  in recen t  yea rs .  
Platzman^ was the  f i r s t  to  c a l c u l a t e  the  ground s t a t e  cnergyJE^ 
o f  an e l e c t r o n  f o r  such a system. He considered th e  e l e c t r o n -  
phonon i n t e r a c t i o n  as p e r tu rb a t io n  and used the second o rder  
p e r tu r b a t io n  th eo ry  to ob ta in  th e  r e s u l t .  The v a l i d i t y  o f  his 
c a l c u l a t i o n s  i s ,  however, r e s t r i c t e d  to s i t u a t i o n s  where the  
r a t i o  o f  the  unperturbed ground s t a t e  energy, ,
to  the energy, , o f  an o p t i c a l  phonon is  very much smaller
than u n i ty .  The express ion  fo r  t  according to  Platzman and 
inc lud ing  the  r e c e n t  ex tens ions  proposed by Sak?can be w r i t t e n  as
^  -rC P /fa) -f C , I At A p 4.< \ 2 (1)
In Eqn. ( 2 ) ,  e  i s  the  e l e c t r o n i c  charge ,  -vw th e  e f f e c t i v e  band 
e le c t r o n  mass, G and <b are  r e s p e c t iv e ly  the  high and low f r c -
vO
quency d i e l e c t r i c  cons tan ts  o f  t h e  m a te r i a l .  Sak^ has shown th a t  
the  r e s u l t ,  as expressed by Eqn. (1 ) ,  cannot be extended to include 
higher powers o f  by using Platzman 's  procedure.
BajajS fo l lowing the work of Delgarno and Lewis^ attempted the 
problem by using a method d i f f e r e n t  from thaL used by Platzman and
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o b t a i n e d  t h e  e x p r e s s i o n  f o r  ^  v a l i d  f o r  t h e  com ple te  range  o f  
v a lu e s  f o r  p> . A r e s u l t  s i m i l a r  to  t h a t  o f  B a ja j  was a l s o  o b t a i n e d  
by S toneham .4  The c o n c l u s i o n s  a r r i v e d  a t  by t h e s e  two a u th o r s  were 
c r i t i c i z e d  by L arsen^  who showed t h a t  th e  e x p r e s s i o n  f o r  TI o b t a i n ­
ed by them does n o t  r ed u c e  t o  t h e  r e s u l t  o f  P la tzm an ,  as  g iv en  by 
Eqn. ( 1 ) ,  i n  t h e  l i m i t  o f  small  and t h a t  t h e i r  r e s u l t  may ho ld  
o n ly  i n  t h e  l i m i t  o f  an e x t r e m e ly  weak e l e c t r o n  b i n d in g  s i t u a t i o n .
I t  i s  t h e  p u rp o se  o f  t h i s  communication t o  p ropose  a method f o r  
c a l c u l a t i n g  "b f o r  v a lu e s  o f  w i t h i n  and beyond t h e  range p r e ­
s c r i b e d  i n  Eqn. ( 1 ) ,  and t o  show t h a t  o u r  e x p r e s s i o n  f o r  E. a g re e s  
e x a c t l y  w i th  th e  r e s u l t  o f  Pla tzman - (Eqn. ( 1 ) )  -  i n  t h e  l i m i t  o f
5 I U d l i  j v  f  y y i i i i c  i v  i l a i y c  j-* c u e .  i u j j i w h  i w i  u -  , ^
r e s u l t  which i s  e x p e c te d  on p h y s i c a l  c o n s i d e r a t i o n s .
The H a m i l t o n ia n ,  W , o f  o u r  sys tem may be  e x p re s s e d  in  te rm s  o f  
u su a l  n o t a t i o n  by —
w  = c / x Y Y \ )
_ _ _  _ _   -
where
\ { ^  ' K
and of. CL a r e  t h e  usual  c r e a t i o n  /  d e s t r u c t i o n  o p e r a t o r s  f o r  a 
’ ' 1
l a t t i c e  mode o f  wave v e c t o r  .
T r e a t i n g  th e  e l e c t r o n - p h o n o n  i n t e r a c t i o n  as p e r t u r b a t i o n  we can 
w r i t e  t h e  ene rg y  T. o f  t h e  ground s t a t e  \ a t  z e r o  t e m p e r a tu re
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by using the  second o rde r  pe r tu rb a t io n  theory accordingly  as
t  — 3 z _  \  ~ --------------------------------------------— —  .
where \"a> i s  the unperturbed eigen s ta te  corresponding to
energy given by
In o r d e r  to  ev a lu a te  H in Eqn. (5 ) ,  we use the following ident ity
(7)
E  - E  - ^ ^I "A
so t h a t  Eqn. (5) can e a s i l y  be shown to  be
E =. E  -  —— q, f
' J  J  cv
% 4   ̂\ ^  T'Y Y." ^  ^ ^   ̂  ̂ ' (8)
using the r e l a t io n ^
<17̂ \) C HCV) ~ \A (  'p '^ 'p )
where
V\ C V* ~ ‘V̂ dL ' r ^  ^
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We now employ a shorthand n o ta t io n  A fo r  the  ope ra to r
C L  / and V fo r  C~ I and r e ­
w r i t e  Eqn. (8) in  terms o f  f\ and V as
Ç  A  t l .  .. ..V. H  A " / : . - ) !
X <  1 \ [  C A - v ) t 3  \  . ( 1 1 )
Expanding th e  o p e ra to r   ̂ A - v ) t ;  ^  in  powers o f  d: for
V  up to  t h i r d  power in *t , we w r i te
A - v ) t ^  •= < A y  (  A "t^  —V " t  'VC''^ -  A V - 'v  IO
-  c Avv\ +  fV^v  ̂ (1 2)
We now use Eqn. (12) in  Eqn. (11) and w r i t e
^ t"'  n q lF  ^ t  . V E  t  -V E -t E  0 3 )
y % \/  \
where
mC




<  A \  C A \ .  ( A t D  \
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OC
E - -  ^
C ^ ü - y  J  <y^ 3 ^
o
y  <1^ \ V t  M l >  , (15)
oo
•Il , ."^
E  =. J=L  ̂ ^
.3Co.Tv)-' J
O
 ̂ cAjt" t j - É  w -  C.T\ y*/
/
and
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I n t e g r a l s  in  Eqns. (14) ,  (15) and (16) can be evaluated  exac t ly  by 
lengthy  but  s t r a ig h t f o r w a rd  c a l c u l a t i o n s .  The in teg ra l  in  Eqn. (17) 
i s ,  however, q u i t e  complicated.  He are  ab le  to c a lc u la t e  t h i s  in teg ra l  
only up to  terms whose c o n t r ib u t io n  to E  is  comparable to  the c o n t r i ­
bution by the in te g ra l  in  Eqn. (16). The Eqns. (14)-(17) a f t e r  i n t e ­
g ra t io n  give
(2 0 )
and
so t h a t
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The e x p r e s s i o n  f o r  E  a s  g iv e n  by Eqn. (22)  r e p r e s e n t s  t h e  main 
c o n c l u s i o n  o f  o u r  com m unica t ion .
We may now w ish  t o  compare o u r  e x p r e s s i o n  f o r  h  w i th  t h e  ex­
p r e s s i o n s  o b t a i n e d  by o t h e r  a u t h o r s .  F i r s t  we compare o u r  r e s u l t  
w i t h  t h a t  o f  Pla tzman^ and Sakf a s  g iv en  by Eqn. ( 1 ) .  Assuming 
< <  i  we expand t h e  r i g h t  hand s i d e  o f  Eqn. (22)  and c o n s i d e r ­
in g  te rm s  up t o  t h e  f o u r t h  power i n  {3 we o b se rv e  t h a t  o u r  e x p r e s ­
s i o n  f o r  E  r e d u c e s  t o  Eqn. (1) e x a c t l y .  On th e  o t h e r  hand i f  we 
c o n s i d e r  p  t o  be  l a r g e  s o  t h a t  i n  t h e  l i m i t  o f  (i> t e n d i n g  to  
i n f i n i t y  o u r  e x p r e s s i o n  becomes l i m i t  cx> E  = T his  r e s u l t  
i s  e x p e c t e d  as  i t  shows t h a t  in t h i s  l i m i t  phonon c loud  i s  unab le  t o  
f o l l o w  t h e  e l e c t r o n  m o t io n  so  t h a t  t h e  e l e c t r o n  phonon i n t e r a c t i o n  
has  no e f f e c t  on  E  . Of c o u r s e ,  t h i s  does  not  mean t h a t  t h e  i o n i z a ­
t i o n  e n e r g y  i s  u n a f f e c t e d  by t h e  i n t e r a c t i o n ,  s i n c e  the  e nergy  c o r ­
r e s p o n d i n g  t o  t h e  b o t to m  o f  the  c o n d u c t io n  band s h i f t s  by <<
The p ro p o s e d  method f o r  c a l c u l a t i n g  E  c an n o t  be e x te n d ed  by 
c o n s i d e r i n g  h i g h e r  t e rm s  i n  th e  e x p a n s io n  (12) s i n c e  t h e  i n t e g r a l s  
i n v o l v e d  would be d i v e r g e n t ,  s i m i l a r  t o  t h o s e  found by S a k .z  This  
may, t h e r e f o r e ,  mean t h a t  o u r  r e s u l t  f o r  E  would g iv e  e x c e l l e n t  
v a lu e s  f o r  t h e  weak e l e c t r o n  b in d in g  c a s e ,  b u t  f o r  a s t r o n g  b in d in g  
s i t u a t i o n  o u r  r e s u l t  may o n ly  p r o v i d e  a r e a s o n a b l e  e s t i m a t e .
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